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Ductile crack growth under mode I, plane strain, small scale yielding conditions is analyzed. Overall plane strain
loading is prescribed, but a full 3D analysis is carried out to model three dimensional microstructural eﬀects. An elas-
tic-viscoplastic constitutive relation for a porous plastic solid is used to model the material. Two populations of second-
phase particles are represented, large inclusions with low strength, which result in large voids near the crack tip at an
early stage, and small second-phase particles, which require large strains before cavities nucleate. The larger inclusions
are represented discretely and the eﬀects of diﬀerent three dimensional distributions on the crack path and on the over-
all crack growth rate are analyzed. For comparison purposes, a two dimensional distribution of cylindrical inclusions is
analyzed. Crack growth occurs oﬀ the initial crack plane in all 3D computations, whereas straight ahead crack growth
occurs with the two dimensional cylindrical inclusions. As a consequence, the three dimensional distributions of spher-
ical inclusions exhibit an increased crack growth resistance as compared to the two dimensional distribution of cylin-
drical inclusions.
 2005 Elsevier Ltd. All rights reserved.
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In a wide variety of circumstances of practical interest, the stress and deformation ﬁelds near a crack tip
in a structural metal, but outside the fracture process zone, are appropriately idealized as plane strain ﬁelds.
However, the material microstructure in the process zone, which sets the plane strain crack growth0020-7683/$ - see front matter  2005 Elsevier Ltd. All rights reserved.
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void nucleation, growth and coalescence, and the spacing and distribution of void nucleating inclusions
is the key microstructural feature for setting the crack growth resistance. Typically, for structural metals,
the size of the void nucleating particles ranges from 0.1 lm to 100 lm, with volume fractions of a few per-
cent. Quite commonly, the distribution of void nucleating particles can be idealized as involving two size
scales; larger particles (e.g. MnS inclusions in steels) that nucleate voids at relatively small strains and smal-
ler particles (e.g. carbides in steels) that nucleate voids at much larger strains. It is well appreciated that the
distribution of inclusions plays a major role in setting the crack growth resistance in such materials, and
while there have been a few 3D analyses of porosity induced ductile crack growth, e.g. Ruggieri et al.
(1996) and Hao and Brocks (1997), these analyses have not quantiﬁed the role of inclusion distribution
on crack growth behavior. A full 3D analysis that accounted for the inclusion distribution, Mathur
et al. (1996), pertained only to very thin plates, where plane stress conditions dominate.
The analyses here are carried out using a constitutive framework for progressively cavitating ductile sol-
ids stemming from the work of Gurson (1975). In this constitutive relation, the porosity is represented in
terms of a single scalar parameter, the void volume fraction. The matrix material is modeled as an isotropic
hardening viscoplastic solid. The large inclusions which nucleate voids at an early stage are modeled as a
distribution of ‘‘islands’’ of the amplitude of the void nucleation function. Thus, their size and spacing are
directly speciﬁed in the analyses and introduce a characteristic length into the formulation. The smaller sec-
ond-phase particles, which require large strains for nucleation, are uniformly distributed. This formulation
has been used to carry out analyses of crack growth for 2D model microstructures, e.g. Tvergaard and
Needleman (1992), where the larger inclusions could only be represented as long cylinders, which is not
geometrically realistic. It was shown in Needleman and Tvergaard (1994) that in cases where the voids
nucleated from the larger inclusions dominate the fracture process, the crack growth predictions exhibited
practically no mesh sensitivity.
The same material model is used as in previous 2D studies, e.g. Tvergaard and Needleman (1992), but
here 3D microstructures are analyzed. A slice of material with an initial crack is analyzed. Overall plane
strain conditions are imposed and various distributions of larger spherical inclusions are speciﬁed. The cal-
culations are for small scale yielding conditions with remote mode I loading, with a monotonically increas-
ing stress intensity factor prescribed. The analyses account for ﬁnite deformations. For numerical eﬃciency,
transient analyses are carried out, but the initial conditions and loading rate are chosen so that inertial ef-
fects are negligible. Although overall plane strain conditions are prescribed, the stress and deformation
states that develop in the fracture process zone are fully three dimensional.2. Formulation and numerical method
2.1. Governing equations
A convected coordinate Lagrangian formulation is used with transient calculations carried out for
numerical convenience. The ﬁnite element calculations are based on the dynamic principle of virtual work
written asZ
V
sijdEij dV ¼
Z
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(sij = Jrij, with rij being the contravariant components of the Cauchy or true stress and J the ratio of cur-
rent to reference volume), mj and uj are the covariant components of the reference surface normal and dis-
placement vectors, respectively, q is the mass density, V and S are the volume and surface of the body in the
reference conﬁguration, and ( ),i denotes covariant diﬀerentiation in the reference frame. All ﬁeld quantities
are considered to be functions of convected coordinates, yi, and time, t.
A mode I small scale yielding boundary value problem is analyzed with an overall plane strain con-
straint. The analyses are carried out for a slice of material orthogonal to the initial crack plane (the
y1–y3-plane), with the slice occupying 0 6 y3 6 hz. The initial crack front lies along (0,0,y3) and the overall
plane strain constraint is imposed byu3ðy1; y2; 0Þ ¼ 0; u3ðy1; y2; hzÞ ¼ 0 ð4Þ
In the y1–y2-plane, displacement boundary conditions that correspond to the quasi-static linear isotropic
elastic mode I crack tip ﬁeld are prescribed,_u1ðR; h; y3; tÞ ¼ 2ð1þ mÞ
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ð6ÞHere, R2 = (y1)2 + (y2)2 and h ¼ tan1ðy2=y1Þ for points on the boundary of the region analyzed numeri-
cally, _KI is the prescribed rate of increase of the mode I stress intensity factor, E is Youngs modulus
and m is Poissons ratio. Also, for overall plane strain u3(R,h,y
3, t) = 0 on the outer boundary.
The crack has an initial opening b0 and the crack faces remain traction free so thatT i ¼ 0; i ¼ 1; 3 on the crack faces ð7Þ
Symmetry about the crack plane is assumed so that the region analyzed is y2P 0.
Although the focus is on the quasi-static response, since transient calculations are carried out, initial con-
ditions need to be speciﬁed. In order to minimize wave eﬀects, initial velocities are taken to be consistent
with Eqs. (5) and (6), so that throughout the region analyzed the initial velocities are_u1ðr; h; y3; 0Þ ¼ 2ð1þ mÞ
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ð9Þtogether with _u3ðr; h; y3; tÞ ¼ 0, where r2 = (y1)2 + (y2)2 and h ¼ tan1ðy2=y1Þ at all points in the region
analyzed.
2.2. Constitutive relation
The constitutive framework is the modiﬁed Gurson constitutive relation with the rate of deformation
tensor written as the sum of an elastic part, de ¼ L1 : r^, a viscoplastic part, dp, and a part due to thermal
straining, dH ¼ a _HI, so thatd ¼ L1 : r^þ a _HIþ dp ð10Þ
Here, small elastic strains are assumed, r^ is the Jaumann rate of Cauchy stress,H is the temperature, a is the
thermal expansion coeﬃcient, A :B = AijBji and L is the tensor of isotropic elastic moduli.
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tion, r is the matrix ﬂow strength, andr2e ¼
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r : I; r0 ¼ r rhI ð13ÞThe function f *, Tvergaard and Needleman (1984), accounts for the eﬀects of rapid void coalescence at
failuref  ¼ f f < fc
fc þ ð1=q1  fcÞðf  fcÞ=ðff  fcÞ f P fc

ð14Þwhere the values fc = 0.12 and ff = 0.25 are used. Background on the basis for the choice of parameter val-
ues in the Gurson model is given by Tvergaard (1990).
The matrix plastic strain rate, _, is given by_¼ _0 rgð;HÞ
 1=m
; gð;HÞ ¼ r0GðHÞ½1þ =0N ð15Þwith ¼ R _dt and 0 = r0/E.
The temperature-dependence of the ﬂow strength is assumed be represented by the expression given in
Naus et al. (1989) for a structural steel,GðHÞ ¼ 1þ b expðc½H0  273Þ½expðc½HH0Þ  1 ð16Þ
with b = 0.1406 and c = 0.00793/K. In (16), H and H0 are in K and H0 = 293 K.
Adiabatic conditions are assumed so thatqcp
oH
ot
¼ vs : dp ð17Þwith q = 7600 kg/m3 = 7.6 · 103 MPa/(m/s)2, cp = 465 J/(kg K), representative values for steel, and
v = 0.9 (Taylor and Quinney, 1934).
The initial void volume fraction is taken to be zero and the evolution of the void volume fraction is gov-
erned by_f ¼ ð1 f Þdp : Iþ _f nucl ð18Þwhere the ﬁrst term on the right hand side of Eq. (18) accounts for void growth and the second term for
void nucleation.
Two populations of void nucleating second-phase particles are represented: (i) uniformly distributed
small particles that are modeled by plastic strain controlled nucleation and (ii) large, low strength inclusions
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described by a normal distribution, Chu and Needleman (1980).
For plastic strain nucleation,1 Ne_f nucl ¼ D_; D ¼
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ð20Þ2.3. Particle distributions
A 3D distribution of spherical ‘‘islands’’ of constant amplitude of stress controlled is speciﬁed. For an
island centered at ðy10; y20; y30Þ, the value of fN in Eq. (20) at the point (y1,y2,y3) isfN ¼
f N for
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>: ð21ÞThe constitutive relation used does not contain a material length scale. However, when failure of the large
inclusions dominates the fracture process, the spacing (and size) of the ‘‘islands’’ eﬀectively introduces a
length scale in the boundary value problem. As a consequence, the fracture predictions are not dominated
by the discretization length scale, Needleman and Tvergaard (1994).
The distributions of ‘‘islands’’ considered are shown in Figs. 1–4 via contours of the amplitude of the
stress controlled nucleation function in Eqs. (20) and (21). 1 In Distribution 1, Fig. 1, the inclusion centers
are arranged in a 2h · 2h · 2h array. For Distribution 1, the slice analyzed has hz = h and, since the plane
y3 = h is a symmetry plane between inclusions spaced 2h apart in the y3-direction, the planes y3 = h/2 and
y3 = h do not contain any inclusion centers.
In Distribution 2, the array of inclusions in Distribution 1 is rotated by 45 in the y1–y2-plane and stag-
gered in the out-of-plane y3-direction, as shown in Fig. 2. As a consequence of the staggering, the slice ana-
lyzed for Distribution 2 has hz ¼
ﬃﬃﬃ
2
p
h.
The random distribution in Fig. 3 is also analyzed. For this distribution, there are 27 inclusion centers
in the process zone. As seen in Fig. 3, the number of inclusions in each of the cross-sections shown varies.
Near y3 = 0 there are six large inclusions, near hz/2 there are twelve and near hz nine. As for Distribution 2,
the thickness of the slice analyzed has hz ¼
ﬃﬃﬃ
2
p
h.
The radius, r0, of the large inclusions is taken to be 0.35h for all three dimensional inclusion distributions
analyzed.
For comparison purposes, in addition to the three dimensional distributions, a plane strain distribution is
also analyzed. The inclusions have to be cylinders rather than spheres so that the inclusion distribution and
the boundary conditions are both consistent with plane strain. In this case, a one element slice is analyzed
with thickness
ﬃﬃﬃ
2
p
h. These computations are carried out using the same mesh in the y1–y2-plane as usedar y3 = 0, near y3 = hz/2 and near y
3 = hz are y
3 = 0.05hz, y
3 = 0.51hz and y
3 = 0.95hz, respectively.
Fig. 1. Contours of fN = 0.01 at three cross-sections showing the inclusion arrangement for Distribution 1. (a) Near y
3 = 0, (b) near
y3 = h/2, and (c) near y3 = h.
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analyses, the radius of the inclusions is taken to be 0.169h.
2.4. Numerical implementation
Twenty node brick elements are used with eight point integration. The equations resulting from substi-
tuting the ﬁnite element discretization of the principle of virtual work, Eq. (1), are integrated numerically by
an explicit integration procedure. The constitutive updating is based on the rate tangent modulus method in
Peirce et al. (1984) while material failure is implemented via the element vanish technique in Tvergaard
(1982b). Just before ﬁnal failure, when the void volume fraction f in an integration point reaches 0.9ff,
the value of f is kept ﬁxed so that the material deforms with a very small ﬂow stress, and the entire element
is taken to vanish when three of the eight integration points have reached this stage. This numerical pro-
cedure was recently used in Tvergaard and Needleman (2004) to carry out a 3D analysis of the Charpy test.
With hz = h, the three dimensional mesh has 6 elements through the thickness and consists of 47,616 20-
node brick elements and 652,695 degrees of freedom, while with hz ¼
ﬃﬃﬃ
2
p
h, there are 9 elements through the
thickness the three dimensional mesh consists of 71,424 20-node brick elements and 942,837 degrees of free-
dom. Fig. 5(a) shows the region analyzed while Fig. 5(b) shows the mesh used in the vicinity of the crack tip
(the mesh for hz = h is shown in Fig. 5).
Fig. 2. Contours of fN = 0.01 at three cross-sections showing the inclusion arrangement for Distribution 2. (a) Near y
3 = 0, (b) near
y3 = hz/2, and (c) near y
3 = hz.
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The material properties and dimensions are speciﬁed in terms of the dimensionless ratios of relevance for
a quasi-static analysis. The calculations are carried out using material properties representative of a struc-
tural steel, 0 = r0/E = 0.0025, m = 0.3, with N = 0.1 and m = 0.01 in Eq. (15). Strain controlled nucleation
is described by fN = 0.04, N = 0.3 and sN = 0.1 in Eq. (19), while, unless stated otherwise, within each
‘‘island’’ of stress controlled nucleation f N ¼ 0.04, rN/r0 = 2.2 and sN/r0 = 0.2 in Eq. (20). The ‘‘island’’
radius is 0.35h and the initial notch opening, b0, is 0.625h (b0 is the full initial notch opening; the initial
notch opening in the region analyzed numerically is b0/2).
2
3.1. Initiation
Fig. 6 shows curves of crack opening b/b0  1 versus J/r0b0. Here, b is the distance from the y1–y3-plane
of an arbitrarily chosen ﬁnite element node in the ﬁne mesh region that lies along the crack ﬂank (the value
of b is not sensitive to the precise point chosen). The value of J is computed from the applied stress intensity
factor KI using the small scale yielding relation2 The dimensional values in the calculations are given through h = 200 lm and E = 200 GPa.
Fig. 3. Contours of fN = 0.01 at three cross-sections showing the inclusion arrangement for the random distribution. (a) Near y
3 = 0,
(b) near y3 = hz/2, and (c) near y
3 = hz.
Fig. 4. Contours of fN = 0.01 showing the inclusion arrangement for the plane strain distribution.
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E
ð22ÞThe curves for all distributions coincide until J/(r0b0)  4, which is when crack growth begins, and to with-
in 1%, b/b0  1 = 0.5J/(r0b0), which is the quasi-static small scale yielding relation. This agreement, along
with the lack of any noticeable oscillations resulting from stress waves, indicates that the calculations are
providing a rather good representation of quasi-static behavior.
The evolution of the maximum value of void volume fraction anywhere in the material is plotted in
Fig. 7. For all distributions, void nucleation occurs in the crack tip vicinity very early in the deformation
history and reaches the value fN = 0.04. However, except for the random distribution, further void growth
does not occur until J/(r0b0)  1. For J/(r0b0) between 2 and 3, the evolution of the maximum porosity is
J/(σ0b0)
b/
b 0
-
1
0 4 80
1
2
3
4
Distribution 1
Distribution 2
Random Distribution
Distribution1 σN=1.5σ0
Plane Strain
Fig. 6. Curves of crack opening displacement, b/b0  1, versus J/(r0b0) for the ﬁve cases considered.
Fig. 5. The ﬁnite element mesh used for hz = h consisting of 47,616 20 node brick elements and 217,565 nodes. (a) The full region
analyzed. (b) Near the initial crack tip showing the uniform mesh region.
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ﬁrst failure (deﬁned as f = fF = 0.25 which corresponds to the loss of stress carrying capacity at a material
point). Among the three dimensional distributions, failure occurs ﬁrst for the random distribution, followed
by Distribution 2. There is not much diﬀerence in Fig. 7 between the results for the two calculations with
Distribution 1 (one with rN/r0 = 2.2 and one with rN/r0 = 1.5).
To illustrate the extent to which the assumption of small scale yielding is met, Fig. 8 shows contours of
plastic strain at the last stage of loading computed for Distribution 2. Although not evident at the scale of
this ﬁgure, considerable crack growth has occurred.
3.2. Growth
Figs. 9–13 show the mode of crack growth for the ﬁve cases analyzed. For each three dimensional dis-
tribution, three cross-sections are shown: at y3 = 0.05hz, at y
3 = 0.51hz and at y
3 = 0.95hz. These cross-sec-
tions are referred to as near y3 = 0, near y3 = hz/2 and near y
3 = hz, respectively.
Fig. 8. Plastic strain distribution at J/(r0b0) = 13.3.
J/(σ0 b0)
f
0 4 80
0.05
0.1
0.15
0.2
0.25
Distribution 1
Distribution 2
Random Distribution
Distribution 1 σN=1.50
Plane Strain
Fig. 7. Evolution of the void volume fraction f for the ﬁve cases analyzed. The initiation of failure occurs when f = ff = 0.25.
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then the crack growth abruptly deviates from the initial crack plane and continues along the second row of
inclusions. The point at which deviation from the initial crack plane occurs is nearly the same at each of the
cross-sections shown. Because symmetry about the initial crack plane is enforced in the calculations, devi-
ation of the crack from the crack plane corresponds to crack branching. Also seen in Fig. 9(a) is that voids
have nucleated in some of the larger inclusions that are not connected to the main crack.
The mode of crack growth for Distribution 2 is shown in Fig. 10. As for Distribution 1, in the early
stages crack growth occurs in the initial crack plane, but for this distribution crack branching occurs earlier
than for Distribution 1, after the crack has grown about 3h along the initial crack plane. In Fig. 10(a) and
(c), voids have nucleated in large inclusions along the initial crack plane and, although there is some matrix
porosity linking the voids on the initial crack plane to the branched crack path, no tendency is seen for the
crack to grow back to the initial crack plane.
Fig. 9. Contours of void volume fraction f at three cross-sections for Distribution 1 at J/(r0b0) = 16.0. (a) Near y
3 = 0, (b) near
y3 = hz/2, and (c) near y
3 = hz.
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while the standard deviation is kept ﬁxed at 0.2r0. The mode of crack growth for this case is shown in
Fig. 11. As compared with the mode of crack growth seen in Fig. 9, where rN = 2.2r0, the onset of crack
branching is not much aﬀected by the lowered void nucleation stress. What is aﬀected, however, is the in-
creased matrix porosity along void sheets linking the main crack to voids formed from the large inclusions
on the initial crack plane. However, the crack still does not tend to grow back toward the initial crack
plane.
Fig. 12 shows the mode of crack growth for the random distribution. Compared with the regular inclu-
sion distributions, the crack almost immediately grows away from the initial crack plane and subsequently
does zig-zag back to the initial crack plane. Also, whereas for the regular distributions the extent of crack
growth was very similar in each cross-section, for the random distribution the crack proﬁle diﬀers substan-
tially in the cross-sections shown. This is, of course, not surprising given the diﬀerent numbers and loca-
tions of inclusions in the various cross-sections.
As seen in Fig. 13, the mode of crack growth is quite diﬀerent for the distribution of cylindrical voids
than for the distributions of spherical voids. Crack growth occurs along the initial crack plane with no ten-
dency for the crack to grow away from the initial crack plane.
The crack growth rates for the ﬁve cases analyzed are shown in Fig. 14. The amount of crack growth, Da
is normalized by the reference length h which is the thickness of the slice analyzed for Distribution 1. The
value of J is normalized by r0b0, where r0 is the reference ﬂow strength and b0 is the initial crack opening.
Fig. 10. Contours of void volume fraction f at three cross-sections for Distribution 2 at J/(r0b0) = 13.3. (a) Near y
3 = 0, (b) near
y3 = hz/2, and (c) near y
3 = hz.
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that is connected to the initial crack tip. For the three dimensional distributions, the value of Da is taken as
the average value of the extent of crack growth in three cross-sections as shown in Figs. 9–12. The earliest
initiation of crack growth and the fastest rate of crack growth occur for the plane strain distribution. The
3D calculations all have crack growth initiating at a similar value of J, but the crack growth rate does vary
with distribution, with the fastest 3D crack growth rate occurring for the random distribution.4. Discussion
Microstructural eﬀects on ductile crack growth have been studied previously for a crack in a thin plate,
Mathur et al. (1996). As in the present analyses, two populations of second-phase particles were repre-
sented, large inclusions with low strength, which result in large voids in the high stress region near the crack
tip, and small inclusions which require large strains before small voids nucleate. Diﬀerent plate thicknesses
relative to the spacing of the larger inclusions were considered and in all cases the computations illustrated
shear lip formation at the free surfaces, leading to the shear crack growth characteristic of plane stress
cracks. With a mesh ﬁne enough to resolve the microstructure it was not numerically feasible to analyze
plates much thicker than the size of the plastic zone, and thus make contact with the regime of plane strain
crack growth.
Fig. 11. Contours of void volume fraction f at three cross-sections for Distribution 1 with rN = 1.5r0 at J/(r0 b0) = 17.8. (a) Near
y3 = 0, (b) near y3 = hz/2, and (c) near y
3 = hz.
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between two planes perpendicular to the initial crack tip line, and by prescribing zero normal displacements
as boundary conditions along these two planes. Thus, symmetry conditions are assumed along these two
planes, but still the analyzes allow for full consideration of three dimensional eﬀects inside the slice of mate-
rial, such as diﬀerent distributions of spherical particles.
For the same volume fraction of the larger inclusions in the material around the initial crack tip two
regular distributions of spherical inclusions have been compared with a full plane strain solution, in which
the larger inclusions can only be represented as cylinders. It is found that for the full plane strain case with
cylindrical inclusions crack extension initiates at a lower value of J and that in this case the toughness does
not increase much during the amount of growth considered. For both regular three dimensional distribu-
tions crack extension starts later and the R-curve behavior shows a signiﬁcant toughness increase in the
regime analyzed. Initially these two R-curves are very close, but after some growth the distribution with
staggered inclusions on the two sides of the slice of material analyzed shows less additional toughness.
For the plane strain case with cylindrical inclusions the growing crack remains on the initial crack plane,
as has also been found in previous plane strain analyses with a square pattern of inclusions, Tvergaard and
Needleman (1992). However, for the two regular three dimensional distributions of spherical inclusions the
crack ﬁrst grows along the initial crack plane, but then bifurcates away from this plane to continue growth
inside the material. This deviation starts earlier for the staggered array of larger inclusions.
Fig. 12. Contours of void volume fraction f at three cross-sections for the random distribution at J/(r0b0) = 6.15. (a) Near y
3 = 0,
(b) near y3 = hz/2 and (c) near y
3 = hz.
Fig. 13. Contours of void volume fraction f for the plane strain distribution at J/(r0b0) = 3.49.
6178 V. Tvergaard, A. Needleman / International Journal of Solids and Structures 43 (2006) 6165–6179An additional 3D computation has considered a random distribution of the larger, spherical inclusions,
such that the average volume fraction of the inclusions in the material near the crack tip is approximately
the same as in the previous computations. The result of this computation shows that the crack path is
strongly attracted to the low strength inclusions, where failure occurs early. Thus, the growing crack imme-
diately leaves the initial crack plane, and runs along an irregular path, where the larger inclusions happen to
be more closely spaced. The corresponding crack growth resistance curve shows that the J-value at the ini-
tiation of crack growth agrees well with the corresponding values for the other three dimensional arrays of
spherical inclusions, but the subsequent crack growth requires less toughness increase in the case of the
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Fig. 14. Normalized crack growth, Da/h, versus J/(r0b0) for the ﬁve cases considered.
V. Tvergaard, A. Needleman / International Journal of Solids and Structures 43 (2006) 6165–6179 6179random distribution. It is noted that the random distribution of inclusions is closer to real inclusion distri-
butions in materials, and the irregular crack growth path shown in Fig. 12 is rather similar to crack paths
observed experimentally.References
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